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HBuantum Mecharics == Bmanch D% physics that  explaing e behavioun ok Very small pondicles Like atoms
electnon (h‘l'lcmo.'&capic. PO.WELQL-U.) . Tt's based on the idea thot Hewe Panticles can act Like both
panticles and waves and it usex complex matlematical equatiom to predict thein behaviow with

‘eﬁah Precision .

| S ; R e L o
Since micxoscopic  panticles act Jike both waves and pamticles ot He Aame time. Complex
numbens  help w  undenstand s by aﬂlow‘ma w 1o wonk w@ith numbens Hat hove botf sreal

and Imaginany pants.

FH Dinac's bna and ket nokation @

ket vectow :- Each dynamicall Atate may be sepnerented by o centain type of vectom known a

ket vecton oxn ket Sepnesenied by  aymbol 1¥).

=
wr= | & | 5 Column matxix
4> ©5 mepmesented by column matarix . b

w

$
Ba yuec{o:n i
Conjugate  To1anspose mat srix of ket uecton. Bma vecton swepnerented by <¥l.

o “[’.’:‘rﬁ
<Vl siepmesenty mmow matwix. <yl = (ND)}r— [qu b 4 "__”]/-g,;,ﬂuhmq v

# Linean vectosr Apace - —2 5 Also known os vecton space and Jinean 3pace

Types

//\

“Real veclon _space ‘ Compllex vecton space

fon clamical Aystems fon quontum mechanical
Systems,
5=t +y5
— TImpostant @ We'td study only complex Rineass

Space  {on  quantum mechanica.

H Complex Sineass space / Compllex vecton space } Complex Lineos vecton space i-



FH Complex Sineass space j Compllex vecton space } Complex Lineosr vecton space i-

A vecton space 9y = {16,145, 18>, -~ ] in odhich ellements can be muliiplied by complex numben o
on added +to one another to gie memben of ame et , s aaid o form Linean vecton space |9>.
The elemenk of He vectom space ane vectons
IF 14> and 1> ane in 1>,

Hen «ld> and 18> +10>  ane alpo n 19>

# Mathematicol psopenties of Linean vecton paces -

“Rules  fon addition -
() 95 16> and (b ane elements of vecton space Hen 14> and Ib> will also be e
element ©f same Vectom space.
W Commutatividy @ 18> + 16> = (6> + 1>
@y Asyaciativity ¢ [1-1:{) +|¢1>) + 195 = 4> + (Iﬂ.p +l¢3>)
() Existance of null vectom on zemo veciom :
ld> + 10> = 19> Hene o> = zeno on null vectos
() Existonce of Aymmetsic ox Invense vecton :
for each vecton 14 , tReme muwt exist a vecton |=®> such that :
14> + l-¢.*>_ = 10> = Nulll yecton

B . .
Aymmetsic o nlense vectom,

> Rulles oo mulbiplication *
@© Digtarbutive Jaw ok Multiplication
(0 +B)1> = «lé> + Bl

(18> +16>) = w16y + «ld.>

({) Associative law O% Multiplication :

oap (145) = o (Blf>)



(i) Existance c% unit element om null yectow o

I

19>, whese T s Identidy (om unit) openatosn.

1lg>

oldy = oy —Z= nulll yectom

3 Linean Idependence of vectons and dimentions °-

A Linean combination 06 vectons 4> N> .- 1> (s vectoy 14> Dt e -Eomm =

19> =& 19> + o1y + — - -+, 14>
19> = 5 %
Whene o;(i=1,2,3,---n) ane complex numbens .
The veckosw 195, 14,5, ... 10> ane Aaid 4o be Lineanlly dependent Eh -
%19> + o1y + —---+a,14> =0

)

n
Sy =o  (with w#0 fon i=1,2,3,_..n)

On He ofer hand , i} HRere exiakt no selobion exist dike equabion (D) unlen «;=0 fom

ot value of i=1,23,---n , HRen He vectons 19>, 14>, ——-_1,> Said to be _Q:necml;, tndependent -

b R
# Baria and Expamion Theonem :- gt

s
/}/7
+ Banig - dn n-dimensionall  space , we may chooze vumben ot Aets , each et can{ro.im‘ng n-vectons
(183,145, _...)  3uch +Bat e vectons of each et ane Lineanly tndependent . Any et of n

Such vectons in n-dimensional (L) 4pate & Aaid fo josm a et of bais vectosw on to Psovide

a baig (Coh'd?hu"'ﬁ .E‘()s-iem in Lh)

_’__E_{Pﬂg;,ignx‘l'eleumem i
Ik dhe vectoms 19>, 16> , —--- (4> %Omm o baizx tn Ly, Hen any veclosn & in (% may be

expnessed an oo lineorm combinakion oﬁ vectoms.

L= % (0> + & ldy +-—- + oLl
X = Z o>
L=

This HReomem s genevally said to be fhe expanion Reostem and e coefljicients o« in 19e



Lineorr combinaton ane called co-ovdinates ok o

—* Poioot_of Expansion Theovem -
let 18>, 14>, 18>, ----, > be i:neo.hi7 indeperdent  vectoms  which apan e n- dimensional

spoce . let & be any vectom n Hir apace. Them () vectoms must be Lineanly dependent .
Hence +Rere exixds won Jerv acolens such Hat

=

q:( +q|]¢'|.> +Q,_}¢,_? o el GHMJ-\‘:’ =0
from above equakion , we may Kolve fon &7

n

2=~k (310 +ausy + --—tae0) = = Lk

Substitub . - Qi
ubstituting o for & we get

‘ o2 = é o by Hence Pmqul-

1

FH Ostbonommal  Seds :-

I) dhe lmmew psoduct of two atate vectoms I zemo , then tHhe atate vectoms ane aid +o

be oxfhogonal 2o each offie _
<bl¥y =0

Tk e tnew product of state vectosr with ihsell s wniby , e atate veclom s Aaid 4o be

nonmalised to unity . —
<$1¢> =14

<¥iy>=1

Az sel of vectoms which U oerB.oganui do ol  FHe Hemaiining vectoms of e set B called
an osthogonal det . T each of e vectoms of He set U furthen nommalized to unity , it i

colled orthonormall tet.

# Dynamicall variiables on  openatom -
’D‘fnqm?Cc& Vaniables fike energy , momentum  posikion etc. ane called obsesvablley . Each obsewvable hay
o deb’mHe operatom amociated wiHR -

An opevaton may be deg;mecl ay, o mathemaltical teym which ix used in opevation on o {Suhch'o'n Sucl



Hat i+ ir Jr‘ram\[;e.hmad tnlo  another 'Euncjﬁon.

Thut i A ix an opevaton applied o o {nchon ueey , then W ix Clﬂcmged info @ funchon voU ;

Au = v

Examples ; Addihion, Mulbiplication , subtrackon |, Division d:hhe.henl-falrian, 3radfenjc etc.

= Linean  Openaton :-

Tn quanlum mechanics , we deal with Minean opevatons and even if He tevm opevaton

s used,  means Jinean operatorn only.
An B 1 zaid to be Linean ,1% it aakisjie He })oﬂ.ﬂawiua two condibony -
(@ Al1ey+190] = Rlgy + Ale>

(&) ﬁ[t‘.l‘ﬁ?] = .:Lﬁw,{' Hene , € iA Ci:l\n},'{'ﬂ.n'lf value .

Properkier of Jinean operaton t-

(@) 9dentily openaton (1): The idenkity opevatom (L) ix an opevaton , which oPeerThg

on o janchon , leaver the function  unchanged .

Ty = 16>

(b) Nulf (on zeno) Operaton (8) ¢ The null operatom i an opevatoy , which operating
on a {um%‘on ann‘.hiﬂgjrq the Euwcl—?cm . Thw 1'5

Oléy = O

+ Efa%uaﬂuu and Er'genbtmcl-ionz 1=

9% v 5 wdl behaved tunch'non , HRen an opevatom P may oferate on ¥ info two dibbe.nen{'

ways  depending  on tRe natwie of funckon ¥ :

@) The operatom P oPemJl-Tha on the junchon ¢ may chonge the funckion iwhb anotber 5"‘ ¢,

= we can't determine exact value of obsevvalle

P¥ud | G 52_“@:'

we can deltrmine expected valuy E\E ub},eruqf)_ﬂ_k
() The opexatom P, OPQVG‘HP\3 on some  Junction ¥, may leave HRe funchion unchanged  but  with

o complex on meal comtant-



—7 = we can determine exact value of obsevuably

B iy | —® o Hin cone.

where A may be oeall on complex vumben. gn Hix care He funchon ¥ iz o memben of
the clam of physically mearingll funckion, colled e eigen funckion of the operatom P
The nmumben A 1 called Hhe eigenvallue of the operaton P asmociated with eigenfunchion Y,
Equation @ & called  eigenvalue  equakion.

Example: Find Hhe vale of Hhe comstant 8 Hak mokes € an eigenfunchion of Hhe operatost

i%}—’ﬁn‘} . What 1z e comnupond’ma EiaEh\m.ﬂJAE-

Sofukion:-  The eigenvalie equakion of operatom P -
Py =y
Whene A s ejgenmﬁue of e ashle ¥

Hese , 'ﬁ=£|.i B

2

dat
o O
A _ dﬂ_ Bx_?- -qn_"
= = e
Py [ T

£ — e

= —ga€™ [1-aw] - Bxe™

= an‘x‘— da = Ex‘] vt

= Jle-g)ar -2} ™

If dhe comtant B makey ¥ = e‘“t on RH.S. mwt de thdependent of %, 40 we have :

Ya*>- B =0

B =ya*

3

"I‘Ee. eq}m-l-ﬁovw@ ‘l‘uk&)g +9\E tﬂiﬂ

o, P

a /"},27@.'%
PY = —2aVy Hence = [d="2a




H# Postulater 0!5 Quantum Mechanicg -

() State of quantum mechanical System - The Jg:m{ postullate states that “thene 13 @ state vecton

(om wa\;eﬁuncFon) ajoCiated  with every physical  adate cw.l5 HRe Aystem which contoing  He enbine descsiption .

@ obseyvabler and operatoms : Fon  every physical obsevuable (fe clamical dyhamical vaniablle ) , +Pexe in

commupond?na linean Hermitian Ofevatos .

Gii) Mearwnment of Eigenvolues ﬂcwrd?n% do his postulate , the measwment of observabla A in state 1¥>
s swepmerented by the ackon 0}5 Co:nme),POhtlTn% ofevalosn A on the slate 1v> and Hhe possible

sedt of such o meamunment i» only one of e eigenvalues 'a' of He coxnzmesPonding operatom.

} 16> = mlby

() Expectalion value of measwiment * The tonm'}a postulate giver Hhe swlley to:n exlmnjriha infonimation

fom e wave-junchion . The expectakion Volue of o vaniabla of a Aystem i tde W s given by i-

Y*A Y 4 AV
<H>:J X LKBIAIYS

jw“‘l#dx <vlvy

# Hexmitian Operatons :-
T ¥ ond y* s acceplable normolized wave .bumkonh , defined oven certain Honge

LY
of configunation space T, HRen opevatom P amociated with o dynamical variablle @ Hermikon &

| [wepydc = [Py dr ‘

Tn offen wonds , if operaton p satisfien above equakion, whenguen ¥¥ and ¢ one novmallized ,

Hexmikian , sel§-adjoint om seall operaton.

H# Psopendies oﬁ Hesmikion Opevatos i-

Theosem-oi'- Henmikan openatons have sead eigenvaluer.
Proof : let A be an Eigehuuﬂue ok Hevwmikian opevotom tn e state desoribed by nosimalised

Wave hund—i on .



Then eigenvollue  equakion tx

Py =y —(QO
Taking th complex conjugate

Py = A"y —@
According 4o condibion of Hermikian opesatos

jqﬁﬁwt =j'13\v*wdt —®
Using equation @, @® and (3) giver:
JHJ*,JKPdC = jA*k{i*w dt
Afvrear = d[vredt
(A-a%) jw*wdt =0
Jtp*qu-c =1 (condition of normalisation)

d-4d* = o

A=d"

This i ondy possible {4 & seal numben,

This povey that , He eigev\vo&ue 0)3 each Hermitian opevatom &5 stecd .

TReowem -02: Tewo eigen functiony of Hermikian opevatoss , belonging 4o difjerent eigenvaluey , ane
Oxthogonall -

Poroo : . .
t let P be any Hermibian opevaton and ¢ and 4, be dwo eigen funckom oﬂ opevaton P.

If 4 and 4, ane dizknch eigenvalues of opevaton p conmesponding 1o eiaen%uncjﬁom ¥, and ¥,
then  eigenvallue  equakions ane -
Py =y,

¥ } 0

Y, =AYy,

Complex  conjugates o} Here efuakion ane*



U P XT A \ulu\dq|(_/1 UB jrenc S eTe wiie -

Per=ateroon Ayrodwr

P =N o Py =d
Acaordir\% 4o genesal conditions of Heymidtian operaltom P, we have
f YRy dT = j Py y dt
Using @O and R we 3&+ o-
j\vfw. dt = jrw: g, dt

A,jw:‘ ¢ dt = Azjw:\v. dt

Q|—A;_> J"V:\H dt = o

As di#d, , we have j‘\’f‘ﬂ dt =o

Thereby dicakng HRot % and ¥, are omHogonall functions

Theosem -03 ¢ T +wo Hesmikian operaton commule , Hen Hein product i dio Hexmikan operatos .
Proof. let W and ¢ be dwo +)unc¥?ovxa and A and B be +oo Hermikan opevatosy -

Now , Consider Hie ‘iv&eam}

j p*ABy de
T} A 1 Hevmikan operaton , Hen
jw.*rﬁ B dr = J v A (Bv,)dT
- jﬁ*\}{* (BY,) dT —0
Agiin B i» Hesmikan operatosr , we have :-
j (F9) 4y, ac = [ A gy dv  —O@

Fsiom eq" @ and @ , we have

jkp*é@% it = j@*ﬁ\* Yy dt

A ~ .
T4 opevalons A and B commufe , we have -



AB=8A om A*E* = B A

In view of thix, equalion @ becomer :-
ftﬂ*a'ﬁ‘l’idt = [ i dr

which & e condidion lost e opevatom (AB) Ao be Hermikan opeyatos.

Hence i A and B are commytating  Hermitan opevatons, Hen Hheisn psoduct operatos A8

2 alzo  Hermikan operafor.

Oues: Show that e momentum opesalon _‘%_% iz Hevymihan

P ydr = j"“ tydc
Soan ﬁ A Jtv by p*y
Momenlum opevatos  + p:%ﬁ_l?; and P = -_’?_.}i.

ol

4 p & hewmitan operatom , it expectation value <p> tn any state ¥ must be Sread.

& <= j yr A 2% dx ®
mwt be sieal

Tniegsaking eg" @, we et

+eo o) =
<p> = L[vv], —j 1 2%y dx

-0

by jw[i}?a—";]*dx = <& —B

-0

From eq"® and @, we can Aoy that <b> i equal Jo th complex conjugate - Tn other womds <Pp>

is sead . Hence e way say ot momerdum operatas b= n o

M2 i Hermban.
I -4

# Matsix  sepsesentation of operatoss :-

9{ D> , 10>, 16> ) —=- -~ |d,> one dhe eigen ~tates

of an operaton A , then matsix fosm of

operatos A wUl be o aquare motsix of omden hxn , which can be written ay:

Q“ ﬁl& i R HIH
g;r_l H;u — = — e H:_n
M
p‘ = 2= [ H;J]hxh
ﬂ‘ﬂ ﬂg; _— - —_— = - ﬂ.!lq
| |
| 1
| .
Hni ﬂhg_ R I || I ﬂ'nh

LEG]



whese elements  of watsix A can be caladlated by Eoﬂ.ﬁmﬁir\a metod :-

Ay = <&l Ay
Wheye £%42,3, .- -- N
=128 —==-h

# Commutodive Opevatons -

The  commutaton of dwo opevatoms A ond B denoted by [A.B] & defined o o~

nA A

[A8]) = Ad-8h

= 9f [ABl=0 , Hen dRe ofevotomz A and B are aid to commute ooith each offex.
Ai-BA =o
Y.

= If [AB] +0, then e operatoms A and B do not commute wih each otbher

‘ A8 +BA

# Propesties of Commutatons -

Property —od 1 Antisymmetry Psioperty

| [48) = -[8.4]

’Pmmtj
By de{;mTJrTon we  have

Proof -

By  dekinihon ok commutatos, we have



?7\00{5 -

By det’mﬂ-’:oh 0{; commutatos, we have

[A,B+8] = A(B+8) - (8+8)A

U

= AB+AC -BA-CA
- (A3-BA) + (AS-2R)

:PE_QPQL‘\Y -03: Distsitsibutive Property

| —

@ [AB8e] =[Ag]e +8[ac]

o CAg.¢] = A[8.] + [Ad

Prook (@) == By definifon of commutators we have,
[48e) = AGY) - (8O)A
qulolTna and %ubhac#ng BAC on RHS , we 9et :

-Bch

o>

A

>

¢ -BAc +

(e =13

[A:éé\:l = A\
_ (s

[A8e) = [AB]E + B8] | Foved

-8A)¢ + B(Ac -th)

>

'Pmoo% () *
By definifon of commutators we have,

[44,6) - GA)E - ¢(hd)
Adding and  subtacking ACB on RHs , we get ¢

[Ad,e) = ABC - AR +ALE - CAB

Property —oy 1= Jacobi ﬂdenm’y



Propexty —0y = TJacobi ddentidy

[(A.[881] +[&,[¢A0] + [¢.[AB]] =0

Paoof : By definition of commutatoss , we have i-

[A.[4¢)] = A[4,2] -[B.¢)A
- h(42-ep) - (3t-e1)h

(AC8,61] = AR —AtE — BEd +24

S

ﬂat‘lfng ef"@ ,@ mﬁ@ we 32{‘ w

[At8,e1) + [8.0e.4]] + (2. 1A 8] =0 /fmeJ

Prioperty ~oS:- Any operatom always commutes wtth thaelf -

ARl =0
[A4] =0
P 5 d G
..'rlDDg_ [ﬂ,ﬂ1= pa-Ap=0 w
[.¥) =0
Propevty —06 1 Any operaten commutes with tH own Power .

[ﬁiﬁh] == [ahlﬁ]

where n=1,2,3..-

ProPevly -07: T| 4 iz comtont, gt

[1A,8] = a[A,8]
[4.48] = 4[A.3]

H EWRENFEST'S THEOREM -

9t states that , Hhe Schwodinger equation Leads +o tfe clamicall (Newtor's) laws ok motion



Oh "—BE QVETQEE,
9n othesr wonds , Hhis theomem Atates ok Hhe aerage mokon of a wave packet aguees with He

motion of e comnerponding daical pankicda.

d<#> _ <b>
ot T oom

“Psook *
t *x— CompPonent o&- ueﬂncﬂ'\/ may be Je})i’ned ay Fe Hime sulke o& change ob expactation oZg
%« comPonent oij porifion 8inca <x> depends upon +ime

(e

+0°
d<x> = d | ¥
(ﬁ—i deqJ'aUPdt
+00 +co

=f‘+’*’t%‘“ + jlaLL-;ijPd'C —@

—®
—Q

Time dependent Achvodinger eq,ua%'ov\ g’
L} _ _ 2 l
= By vy
ilt = A_ —R 2 —
ot ih { am vy +V‘P} @
Complex cmjuga#e ot +ime dependent /%okrodiwaen equaton.

- —h* N AN VA ket
am

oF
_M]: :_j;_ '—t\L 2% * _
o _:h{m” e } ®

U,gu’ng eq" and 3 n e‘luahon 0]

—+o0

ﬁ<ﬁ> =Jkg*n{%(——§vl‘f’ +vw)}dr + jw{_'ﬂ (—gfg VAl +W*)}xw dt

b~ —a

.
_ #J[‘P*w[:;&;v“ly] LAY 4 B gy _M] &

- [ e - rad) e



Srnce,

P o
~opery

+00

% £ | P - v e

—o0

400

—

e s & [enera

7

J (V*¥) x Y dy =J y* v () de

] o

400 +ol

2im

= _lJ P*x (viy) dT + j—J g* v (x$) dT

tm

—00

[ [~ o

2 (V) — vr(a) | =-23%
ot

4o

d<>> — i j * ¥ dr
d& 8




